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Exercise 1 (4 Punkte):

The Fredkin gate is a 3-qubit gate that implements a controlled SWAP: if the third qubit is 1,
the first and the second bit are swapped; if the third qubit is 0, all three bits are unchanged.
The truth table is:

INPUT | OUTPUT
alblcld |V |
0000|100
0010101
0[1]0J0]1]O0
O(1j1|170/|1
170/0]1]0]O0
110170171
1{1/0]1|17]0
111} 1|1]1
The quantum circuit is:
a a’
b —x— U

c —eo—

1. Find the matrix representation for the Fredkin gate;
2. Show that the Fredkin gate is self-inverse;

3. Show that the Fredkin gate is a universal set.
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Exercise 2 (4 Punkte):
Another 3-bit gate is the Toffoli gate. It implements a controlled CNOT: the first two bits
a,b are control bits, while ¢ is the target bit. The truth table is:

INPUT | OUTPUT
alblcld |V]|
0j|0j0]J0O|0O]O
0O/0(1]00]1
O|{1]0|j0(1]0
Oj171]01]1]1
1100} 10| 0
1/0(1]1]0/|1
1(1(0]1]1/|1
1/1]1]1(11]0

The quantum circuit is:
a ——eo— o

b ——eo—

c—b— ¢

1. Find the matrix representation;

2. Show how to build the following gates from the Toffoli gate: CNOT, NAND, NOT,
AND, OR.

Exercise 3 (5 Punkte):

1. Construct a binary half-adder using Toffoli gate. This adder accepts two bits a and b,
outputs also two bits: a carry bit and a + b mod 2.

2. Construct a full-adder which also accepts a carry bit ¢ as the input. Such an adder
output a + b+ ¢ and a new carry bit.

Exercise 4 (4 Punkte):
What is the smallest number of Fredkin gates needed to simulate a Toffoli gate? What is the
samllest number of Toffoli gates needed to simulate a Fredkin gate?



